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Foreword

Thirty years ago I read the following question of Erdős [4]:
“Does there exist a sequence a1 < a2 < .. . with A(x) < c x

logx (A(x) =∑
ai<x 1) so that every sufficiently large number is of the form 2k +ai? $10”
I sent my solution to Erdős in a letter (in Hungarian). He translated my

letter into English and sent it to the Canadian Math. Bulletin; this became
my first paper to appear.

In this paper we will find, among others, the best value of the constant
c in the above question, which was also asked by Erdős.

1. Introduction

We call two sets A,B of positive integers additive complements, if their sum

A + B = {a + b : a ∈ A, b ∈ B}
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contains all sufficiently large integers. A pair of additive complements obvi-
ously satisfies

(1.1) A(x)B(x) ≥ x−K

with some constant K, where A(x) denotes the number of elements of A
up to x. Disproving a conjecture of Hanani, Danzer [2] constructed sets
satisfying

(1.2) A(x)B(x) ∼ x.

For sets satisfying (1.2), Sárközy and Szemerédi [11] strengthened (1.1) to

A(x)B(x) − x → ∞.

Narkiewicz [7] proved that whenever (1.2) holds, one of the sets is very thin
and the other is dense, namely, we have

(1.3) A(2x)/A(x) → 1,

whence A(x) = xo(1) and B(x) = x1+o(1), or these hold with the roles of A
and B interchanged.

A weaker property that a pair of additive complements may have is

(1.4) A(x)B(x) = O(x).

We call additive complements satisfying (1.4) economic, and those satisfying
the stronger requirement (1.2) exact.

Sets given by polynomials are easily seen to have an economic completion,
and by the above quoted result of Narkiewicz they never have an exact one.
Lower bounds for the counting functions of a complement were studied by
several authors. See Moser [6] for an early account, Cilleruelo [1] for the best
known estimates, Habsieger and Ruzsa [5] for some related results.

An economic additive complement was constructed for the powers of 2
by Ruzsa [8], and for any linear recurrence set in Ruzsa [9]. In Ruzsa [10]
it is proved that for any integer a > 2 the set of powers of a has even an
exact complement. These constructions were based on special congruence
properties of the set investigated. In particular, the construction of an exact
complement for the powers of a required the existence of many integers m
such that m|am−1; no such integer m>1 exists for a=2.

Now we solve, by a different method, the last outstanding case.

Theorem 1. The set of powers of 2 has an exact complement.
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All these results seem to indicate that the existence of an exact or eco-
nomic complement depends on peculiar properties of a set. This is, however,
not the case. We show that a wide class of sets, characterized by a growth
condition, has exact additive complement.

Let A={a1,a2, . . .} be a set of positive integers, 1≤a1<a2<.. ..

Theorem 2. If
an+1

nan
→ ∞,

then A has an exact complement.

Corollary 1.1. If there is a constant k such that
an+k

nan
→ ∞,

then A has an economic complement.

Corollary 1.2. If there is a constant c>0 such that

an+1 > ncan

for n>n0, then A has an economic complement.

Corollary 1.3. The set A={(2n)!} has an exact complement.

Corollary 1.4. The set A={n!} has an economic complement.

I cannot decide whether the set of factorials has an exact complement.

2. Modular and global completion

We find a general criterion for the existence of an exact complement in terms
of a similar property modulo m.

Let m > a1 be an integer and write k = A(m). Let L(m) denote the
smallest number l for which there are integers b1, . . ., bl such that the numbers

ai + bj , 1 ≤ i ≤ k, 1 ≤ j ≤ l

contain every residue modulo m.

Theorem 3. Let A be a set satisfying Narkiewicz’s condition (1.3). The
following are equivalent:

(a) A has an exact complement;
(b) A(m)L(m)/m→1;
(c) there is a sequence m1 < m2 < .. . of positive integers such that

A(mi+1)/A(mi)→1 and A(mi)L(mi)/mi→1.

A similar but more specialized connection was proved and applied in [10].
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Proof. Clearly (a) ⇒(b)⇒(c). We prove (c) ⇒(a).
Condition (1.3) implies that for any sequences xi,yi →∞ such that c <

xi/yi < C for all i with some constants 0 < c < C we have A(xi) ∼ A(yi).
This property will be used in the course of the proof for several choices of
the sequences without further explanation.

Next we find an increasing sequence qj of positive integers tending to in-
finity such that A(qjmj)∼A(mj). A possible definition of qj is the following:
let qj be the largest positive integer with the property that the inequality
A(qx)≤ (1+1/q)A(x) holds for all x≥mj . This sequence is clearly increas-
ing; if it did not tend to infinity, it would become constant, say q, after a
point. This would mean the existence of arbitrarily large values of x such
that A((q + 1)x) > (1 + 1/(q + 1))A(x), in contradiction with the previous
property.

We may also assume, by selecting a subsequence if necessary, that
mj+1/mj >2 for all j. Indeed, let mj be in the selected subsequence and let
k be the first subscript for which mk > 2mj . We select mk next. We have
mk−1 ≤ 2mj , so A(mk−1)∼A(mj) by (1.3), A(mk)∼A(mk−1) by assump-
tion, so indeed A(mj)∼A(mk).

Now we define the set B in terms of these sequences mj and qj.
Write Aj =A∩ [1,mj ], and take Uj ⊂ [1,mj ] such that |Uj |=L(mj) and

Aj +Uj contains every residue modulo mj . Put

Vj = Uj +

{
(qj − 1)mj , qjmj, (qj + 1)mj , . . .,

[
qj+1mj+1

mj

]
mj

}
.

Our exact complement will be

B =
⋃

Vj.

First we show that A+B contains every sufficiently large integer.
Consider an integer n. If n>n0 =q1m1, then we can find a j such that

qjmj < n ≤ qj+1mj+1.

By definition there is an a∈Aj and an u∈Uj such that a+u≡n (mod mj).
We claim that

n− a = u +
n− a− u

mj
mj ∈ Vj.

To see this we observe that

n− a− u

mj
≤ qj+1mj+1

mj
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and
n− a− u

mj
>

qjmj − 2mj

mj
= qj − 2,

so, being an integer, this quotient is ≥qj −1.
Now we estimate B(x).
Let qjmj <x≤ qj+1mj+1. The set B∩ [1,x] contains completely the sets

V1, . . .,Vj−1, an intitial segment of Vj and possibly an initial segment of Vj+1.
The cardinality of Vi is

(2.1) |Vi| = |Ui|
([

qi+1mi+1

mi

]
− qi + 2

)
≤ |Ui|

(
qi+1mi+1 − qimi

mi
+ 2

)
.

From Vj we have the elements up to x. They belong to Uj + tmj with
t≤x/mj, thus their number can be estimated as

(2.2) |Vj ∩ [1, x]| ≤ |Uj |
([

x

mj

]
− qj + 2

)
≤ |Uj |

(
x− qjmj

mj
+ 2

)
.

Finally, Vj+1 is the union of translates of Uj+1 by certain numbers, the
second of which is already qj+1mj+1 ≥ x, thus only the first can contain
integers up to x. The first translate starts at (qj+1−1)mj+1, consequently

(2.3) |Vj+1 ∩ [1, x]| ≤ δ|Uj+1|,

where δ=0 if x<(qj+1−1)mj+1, and δ=1 if (qj+1−1)mj+1≤x≤qj+1mj+1.
On summing (2.1), (2.2) and (2.3) we obtain that

(2.4) B(x) ≤
j−1∑
i=1

|Ui|
qi+1mi+1 − qimi

mi
+ |Uj |

x− qjmj

mj
+2

j∑
i=1

|Ui|+δ|Uj+1|,

with the δ described above.
Our aim is to deduce that B(x)≤(1+o(1))

x

A(x)
.

To estimate the first sum in (2.4), first we show that for any ε>0 there
is a k such that

(2.5) |Ui|
qi+1mi+1 − qimi

mi
< (1 + ε)

(
qi+1mi+1

A(mi+1)
− qimi

A(mi)

)

for i≥k; this will yield a nice telescopic sum. To achieve this it is sufficient
to have |Ui|<(1+η)mi/A(mi) and

(2.6)
qi+1mi+1 − qimi

A(mi)
< (1 + η)

(
qi+1mi+1

A(mi+1)
− qimi

A(mi)

)
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with η = ε/3, say. The first is among the assumptions. To show (2.6) we
rearrange it as

A(mi)
A(mi+1)

>
qi+1mi+1 + ηqimi

(1 + η)qi+1mi+1
.

Since qimi ≤ qi+1mi < qi+1mi+1/2, the right side here is at most
1+η/2
1+η

,

while the left side tends to 1 by our assumptions, thus this inequality holds
for large i.

By applying (2.5) we find that the first sum in (2.4) is at most

(1 + ε)
j−1∑
i=k

(
qi+1mi+1

A(mi+1)
− qimi

A(mi)

)
+ Kε ≤ (1 + ε)

qjmj

A(mj)
+ Kε

with a certain constant Kε depending on ε which accounts for the contribu-
tion of those initial terms for which (2.5) does not hold.

We estimate the second term of (2.4) by simply using |Uj | < (1 +
ε)mj/A(mj). On adding this to the previous estimate we find that the first
two terms together are <(1+ε)x/A(mj)+Kε. Since A(x)≤A(qj+1mj+1)∼
A(mj+1)∼A(mj), for x>x0(ε) the first two terms of (2.4) together are

≤ (1 + 2ε))
x

A(x)
+ Kε ≤ (1 + 3ε))

x

A(x)
.

In the last step we used the fact that A(x)/x→ 0, which is a consequence
of assumption (1.3). Since this is true for every positive ε, we can conclude
that the first two terms of (2.4) together are ≤(1+o(1))

x

A(x)
.

Next we demonstrate that the last sum in (2.4) is o(x/A(x)). Recall that

|Ui| = L(mi) ∼
mi

A(mi)
.

Since A(mi+1) ∼ A(mi) amd mi+1/mi ≥ 2, we have, with at most finitely
many exceptions,

(2.7) |Ui+1|/|Ui| > 3/2.

Hence for i0<i≤j we have |Ui|≤(2/3)j−i|Uj | and so

(2.8) 2
j∑

i=1

|Ui| ≤ 2
j∑

i=1

(2/3)j−i|Uj | + O(1) < 6|Uj | + O(1).

Now observe that

A(mj) ∼ A(mj+1) ∼ A(qj+1mj+1) ≥ A(x).
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As |Uj |∼mj/A(mj), this implies that the quantity in (2.8) is

� mj

A(x)
<

1
qj

x

A(x)
= o(x/A(x))

as wanted.
Finally we show that the last term is o(x/A(x)). This is clear when

δ = 0. If δ = 1, then we use |Uj+1| = L(mj+1) ∼ mj+1/A(mj+1),
A(x) ≤A(qj+1mj+1) ∼A(mj+1) and x≥ (qj+1− 1)mj+1. These imply that
|Uj+1|A(x)/x≤(1+o(1))/(qj+1−1)→0.

This concludes the proof of Theorem 3.

3. General lacunary sequences

In this section we prove Theorem 2.
We start with some lemmas.

Lemma 3.1. Let b0, b1, . . ., bn−1 be positive integers, β0, . . .,βn−1 real num-
bers and δ0, . . .,δn−1 positive numbers satisfying bj/bj−1 ≥ (1+ δj)/δj−1 for
all j=1, . . .,n−1. Then there is an α∈(0,1) such that

(3.1) {αbi − βi} < δi

for all 0≤ i≤n−1.

Proof. We shall select recursively intervals

I0 ⊃ I1 ⊃ . . . ⊃ In−1

such that λ(Ij)=δj/bj and α∈Ij impies (3.1) for 0=1, . . ., j. To this end we
start with

I0 = (β0, β0 + δ0/b0) .

Assume that Ij−1 is already defined. The numbers αbj , α ∈ Ij−1 cover an
interval whose length is δj−1bj/bj−1 ≥ 1 + δj . Such an interval contains a
subinterval of type (r+βj ,r+βj + δj) with some integer r. Now we define
the next interval by the inequalities

r + βj ≤ αbj < r + βj + δj ,

which guarantee (3.1) for i=j.

In this section we will use the following special case.
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Lemma 3.2. Let b0, b1, . . ., bn−1 be positive integers such that always
bi+1/bi≥Kn with a number K>2. Then there is an α∈(0,1) such that

(3.2)
i

n
≤ {αbi} <

i

n
+

2
Kn

for all 0≤ i≤n−1.

Lemma 3.3. Let b0, b1, . . ., bn−1 be positive integers, K > 3 and α ∈ (0,1)
real numbers and m>Knmaxbi an integer. Assume that (3.2) holds for all
0≤ i≤n−1. Then there is a set H of integers such that {b0, . . ., bn−1}+H
contains a complete residue system modulo m and

(3.3) |H| ≤
(

1 +
3
K

)
m

n
.

Proof. Define r by the inequalities

r − 1
m

< α ≤ r

m
.

Then we have
0 ≤ r

m
bi − αbi <

1
m
bi <

1
Kn

and hence (3.2) yields

(3.4)
i

n
≤
{
r

m
bi

}
<

i

n
+

3
Kn

for all 0≤ i≤n−1.
Clearly 1 ≤ r ≤m. We can exclude the possibility r = m, since in this

case the fractional parts in (3.4) would vanish and (3.4) would not hold. So
1≤r≤m−1. Let r′/m′ be the reduced form of r/m, and let di be the residue
of r′bi modulo m′. (3.4) can be rewritten as

(3.5)
i

n
≤ di

m′ <
i

n
+

3
Kn

for i= 0, . . .,n−1. Define dn by dn = d1 +m′; then (3.5) will hold for i= n
also and we have

d0 < d1 < . . . < dn−1 < dn = d0 + m′.

Define H∗={0,1, . . ., t}, where t=max(di+1−di)−1. Clearly every integer
is congruent to some di +h, h∈H∗ modulo m′ and

|H∗| = max(di+1 − di) ≤
(

1
n

+
3
Kn

)
m′ =

(
1 +

3
K

)
m′

n
.
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Define r∗ by r′r∗ ≡ 1 (mod m′) and put H ′ = {r∗h : h∈H∗}. Since the
numbers di +h, h∈H∗ cover every residue modulo m′, so do the numbers
r∗(di +h)≡bi +r∗h. Thus {b0, . . ., bn−1}+H ′ contains every residue modulo
m′ and

|H ′| = |H∗| ≤
(

1 +
3
K

)
m′

n
.

Now we put

H = H ′ +
{

0,m′, 2m′, . . .,

(
m

m′ − 1
)
m′.

}

If we add to a complete residue system modulo m′ the numbers 0, m′, 2m′,
. . ., ((m/m′)−1)m′, we get a collection of m integers, pairwise incongruent
modulo m, hence a complete residue system modulo m. This observation
shows that {b0, . . ., bn−1}+H contains every residue modulo m, and we have

|H| =
m

m′ |H
′| ≤

(
1 +

3
K

)
m

n
.

Proof of Theorem 2. We will apply Theorem 3. To this end we need to
estimate L(m).

Choose a (large) K. There is an i0 such that the inequality ai+1/ai>K2

holds for i>i0. We are going to estimate L(m) for values of m which are so
large that A(m)>Ki0.

Write k=A(m). We will apply Lemmas 3.2 and 3.3 to the integers

a[k/K]+1, a[k/K]+2, . . ., ak.

Their number is n=k−[k/K]≥k(1−1/K), and they satisfy ai+1/ai≥K2i≥
Kk >Kn. The abovementioned lemmas yield that this set of integers has
an additive completion H modulo m which satisfies

|H| ≤
(

1 +
3
K

)
m

n
≤
(

1 +
3
K

)
K

K − 1
m

k
.

This is an upper estimate for L(m). Since the coefficient of m/k=m/A(m)
can be made arbitrarily near to 1 by choosing K appropriately, we have
established property (b) of Theorem 3, and we conclude that A has an exact
complement.
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4. Powers of 2

In this section we prove Theorem 1. This proof will be based on Lemmas 3.1
and 3.3, but they will be applied in a less straightforward way.

For any odd integer d let r(d) denote the order of 2 modulo d, that is,
the smallest positive integer k such that d|2k −1.

Lemma 4.1. Let n be an odd natural number. Define s by the formula

s =
∑
d|n

φ(d)
r(d)

,

let K > 3 be a real number and L an integer satisfying 2L ≥ 2Kn. Write
N = n+Ls. With these notations there are integers b0, . . ., bn−1 and a real
number α such that
(a)these α and bi satisfy (3.2),
(b)each bi is of the form bi =2ti with some integer ti satisfying 0≤ ti<N .

Proof. We split the residues 1, . . .,n modulo n into groups so that i and j
are in the same group if j ≡ 2ti for some t. Clearly i and j can be in the
same group only if (i,n) = (j,n). For a given i with (i,n) = d, its group
consists of i,2i, . . .,2z−1i, where z is the smallest integer such that 2zi ≡ i
(mod n). This integer is clearly z=r(n/d). Since there are altogether φ(n/d)
residues such that (i,n)=d, the number of groups belonging to a fixed d is
φ(n/d)/r(n/d). By summing this for all possible values of d we find that the
total number of groups is just s.

Let r1, . . .,rs be the cardinalities of these groups (in any order), and
l1, . . ., ls representatives of the corresponding groups. Write further Ri =
r1 + . . .+ri.

Now we define the numbers bi =2ti . In view of the above grouping, there
is a unique j, 1≤j≤s, and a unique u, 0≤u≤rj −1, such that

(4.1) i ≡ 2ulj (mod n).

Given this j and u, we put

(4.2) ti = Rj−1 + L(j − 1) + u.

Our aim is to find an α that satisfies (3.2), which with our choice of bi
means {

α2ti − i

n

}
<

2
Kn

.
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Substituting the values i and ti from (4.1) and (4.2), this can be rewritten
as

(4.3)
{
α2Rj−1+L(j−1)+u − 2u lj

n

}
<

2
Kn

.

For a given j, these inequalities have to hold for 0≤u≤rj −1. They are far
from independent, and they all follow from the following stronger inequality
for the case u=0:

(4.4)
{
α2Rj−1+L(j−1) − lj

n

}
<

1
2rjKn

.

(In fact, (4.4) is equivalent to these; but we need only the obvious fact that
(4.4) implies (4.3) for all 0≤u≤rj −1.)

The existence of an α satisfying (4.4) follows from Lemma 3.1. We replace
the n of the lemma by s, the numbers bj by the numbers 2Rj+Lj and δj by
1/(2rj+1Kn). The condition bj/bj−1≥(1+δj)/δj−1 of the lemma becomes

2rj+L ≥ 2rjKn + 2rj−rj+1,

and this follows from our assumption 2L≥2Kn. By this the lemma is proved.

Proof of Theorem 1. To apply Lemma 4.1 we need to compute the s
described there. This is difficult for general n, and the result may be too
large for our purposes. We will consider some special values of n only.

Since 2 is a primitive root of 9 and 25, it is a primitive root of 3a and
5a for every a, that is, r(3a) = φ(3a) = 2 ·3a−1 and r(5a) = φ(5a) = 4 ·5a−1.
Consequently r(3a5b)= lcm [r(3a),r(5b)]=4 ·3a−15b−1 =φ(3a5b)/2 whenever
a,b≥1. Hence if n is of the form n=3a5b, then φ(d)/r(d)≤2 for every d|n,
thus

s ≤
∑
d|n

2 = 2(a + 1)(b + 1) ≤ c(log n)2

with a suitable absolute constant c.
We are now going to estimate L(m). Write k=A(m)=1+[(logm)/ log2].

Let n be the largest number of the form n=3a5b<k−
√
k. Since (log3)/(log 5)

is irrational, the quotient of consecutive numbers of the form 3a5b tends to
1, so n/k→1 as k→∞.

We put K = n and take L to be the smallest integer satisfying 2L >
2KN = 2n2. This integer satisfies L � logn, thus Ls � (logn)3 and so
N =n+Ls<n+O((logn)3)<n+

√
n<k for large n.
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Lemma 4.1 gives us certain integers b1, . . ., bn which are all of the form
2j, j≤ k and satisfy (3.2). Lemma 3.3 yields an additive complement H of
these bi’s modulo m. Clearly

L(m) ≤ |H| ≤
(

1 +
3
K

)
m + n =

n + 3
n2

m ∼ m

n
∼ m

k

as wanted. This shows that L(m)∼m/A(m), and an appeal to Theorem 3
concludes the proof of Theorem 1.

5. Concluding remarks

1) I cannot decide whether the following common generalization of Theo-
rems 1 and 2 is true: every sequence A={a1,a2, . . .,} satisfying the condition
ai+1/ai > q > 1 has an exact asymptotic complement. I can show the exis-
tence of a set satisfying A(x)� logx such that every additive complement
satisfies B(x) � x(log logx)/ logx, but this set consists of comparatively
short dense blocks.
2) Let A,B be additive complements and write

f(n) = #{(a, b) : a ∈ A, b ∈ B, a + b = n}.

Call these complements exact on average, if∑
n≤N

f(n) ∼ N.

For sets satisfying Narkiewicz’s condition (1.3) this is easily seen to be equiv-
alent to what we called exact so far. However, there are exact on average
complements that do not satisfy (1.3), indeed one can have f(n) = 1 for all
n with a familiar construction using a digital representation.

Does the set of squares have an exact on average complement?
Is there a connection corresponding to Theorem 3 between this type of

complement and additive completion modulo m?

Acknowledgement. I am grateful to a referee for correcting several inac-
curacies.
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[3] Erdős, P.: Some results on additive number theory, Proc. Amer. Math. Soc., 5 (1954),
847–853.
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Alfréd Rényi Institute of Mathmatics,

Hungarian Academy of Sciences,

Budapest, Pf. 127, H–1364 Hungary.

ruzsa@renyi.hu

mailto:ruzsa@renyi.hu

	Heading
	Foreword
	1. Introduction
	2. Modular and global completion
	3. General lacunary sequences
	4. Powers of 2
	5. Concluding remarks
	References

